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A novel adaptive control approach is proposed to solve the globally asymptotic state stabilization problem 
for uncertain pure-feedback nonlinear systems which can be transformed into the pseudo-affine form. The 
pseudo-affine pure-feedback nonlinear system under consideration is with non-linearly parameterised 
uncertainties and possibly unknown control coefficients. Based on the parameter separation technique, a 
backstepping controller is designed by adopting the adaptive high gain idea. The rigorous stability analysis 
shows that the proposed controller could guarantee, for any initial system condition, boundedness of the 
closed-loop signals and globally asymptotic stabilization of the state. A numerical and a realistic examples 
are employed to demonstrate the effectiveness of the proposed control method. 
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1. Introduction 


During the past several decades, control of nonlinear systems has received considerable at¬ 
tention and a series of powe rful control methods hav e been proposed, s uch a s sliding mode 
control (Slotine and Li 1991), feedback line arization ( Sastrv and Isidori 19891 ) . backstepping 
( Kanellakopoulos. Kokotovic. and Morsel 1 199 ll ). and so on. Among these methods, the backstep¬ 
ping technique, which is a constructive, recursive, Lyapunov-based control design approach, is 
one of the most popular control design tools to deal with a large class of nonlinear systems 
with uncertainties, especially with unmatched uncertainties. Nonlinear systems using the back- 
stepping technique are of lower triangular form which can be broadly classified into two kinds: 
strict-feedback form and pure-feedback form. In the case of strict-feedback systems, a great deal 
of progress has been achieved to develop backstepping controllers. It is first proposed for non¬ 
linea r systems with linearly parameterized uncerta inties ( Kanellakopoulos. Kokotovic. and Morsel 
199ll : iKrstic. Kanellakopoulos. and Kokotovidlll995ri. and then extended to handle non-linearly pa¬ 
rameterized uncertainties ( Lin and Qian 2002a b; Niu. Lam. Wang, and h 3 2005 1. By introducing 
Nuss baum functions, it is also applied to nonlinear systems with unknown control directions (|Ye 
I 999 I L The relevant eng ineering applications hav e also been widely discussed, for exam ple, from 
wheele d mobile robots (Mnif and Yahmadi 2005l l to aircrafts ( Luneu and Lungu 2013 1 to space¬ 
crafts ( Ali. Radice. and Kim 2010l l. 

Compared with this progress, relatively fewer results are available for control of pure-feedback 
systems. Pure-feedback systems, which have no affine appearance of the state variables to be 
used as virtual controls and/or the actual control, is more representative than strict-feedback 
systems. Many practical systems are of pure-feedback form, such as aircraft control systems 
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( Hunt and Maver 1997), biochemical processes ( Krstic. Kanellakopoulos. and Kokotovid 19951 ). 


mechanical systems ( Ferrara and Giacomini 20001 ) . and so on. Cascade and non-affine properties of 


pure-feedback systems make it rather difficult to find explicit virtual controls and the actual control. 
Therefore, control of non-affine pure-feedback nonlinear systems is a m eani r igful ar id challenging 
i ssue and has become a hot topic in the control field in recent years (See ILuiI (j201(Tl ): Liu and Tone 
( 2011)1 ) and references therein). Most of these results are approximation-based approaches which 


fully exploit the universal approximation ability of neural networks or fuzzy logic systems. By utiliz¬ 
ing the Mean Value Theorem, the original non-affine system is transformed to the quasi-affine form. 
Subsequently, the backstepping technique is employed for the control design. Generally speaking, 
it is difficult to obtain the explicit expressions of the ideal virtual or actual controllers although 


mators are constructed based on fuzzv logic svstems (Gao. Sun. and Xu 20131: Li. Tong, and Li 

2015 

: Yu 2013: Zhang. Wen. and Zhu 2010) or neural networks (Shen. Shi. Zhang, and Lim 

2014 

: Sun. Wang. Li. and Pens 

2013- 

Wang. Hill. Ge. and Chen 2006: Wang. Liu. and Shi 2011: 

Wang. Chen, and Lin 20131). In 

Yoo ( 

2 OI 2 I) and Gao. Sun. and Liu (20121). the singular perturba- 


tion theory is also employed to estimate the ideal controllers. 

Approximation-based approaches may suffer some problems. Take the approaches based on neural 
networks for example. When the number of the neural network nodes increases to improve the 
approximation ability, the number of adjustable parameters will beco me enormous. Accordingly, 
the online learning time will become very large ( Liu and Tone 20161 ). In addition, the obtained 


results usually hold non-g loba l ly. To avoid suchlike problems, some approximation-free approaches 


are proposed recently. In iLiul (j2014l ). a backstepping control algorithm is proposed for a class of 


pure-feedback nonlinear systems by viewing /j(xi+i) in stead of Xj+i as the virtual control variable 
and by adding anintegrator. This resu lt is further exten c led to the case where there exist linearly 
parameterised uncertainties ( Liul 201^ ). In lhiu and Tond ( 20161 ). by adopting the barrier Lyapunov 


function technique, an adaptive control technique is developed for a class of pure-feedback systems 
with linearly parameterised uncertainties and full state constraints. 

In this paper, the globally asymptotic state stabilization (GASS) problem is considered for a 
class of pure-feedback systems which can be written into the pseudo-affine form. The pseudo- 
affine pure-feedback system under consideration has non-linearly parameterised uncertainties and 
possibly unknown control coefficients. For this kind of systems, if the lower bound of every control 
coefficient is exactly kn own, the GASR prob lem can be solved by the non-smooth or the smooth 
control schemes given in Lin and OianI ( 2nn2al bl). When their lower bounds are unknown, a poss ible 


way is to adopt and improve the adaptive control approach proposed in Sun and Liu ( 20071 ). If 


so, 2n adaptive law s are needed to estimate the unknown parameters. I n thi s paper, motivated 


by the work in IV^ ( 19991 ) and the high gain idea given in Lei and LinI ( 20061 ) . a novel adaptive 
backst epping controller is proposed based on the parameter separation technique (jLin and Qian 


2002al jbl). In the proposed method, only n adaptive laws are needed. Since no estimators are needed 


to approximate the ideal controllers, drawbacks of the approximation-based approaches can be 
avoided. The rigorous stability analysis shows that the proposed controller could guarantee bounded 
closed-loop signals and globally asymptotic state stabilization. 


2. Problem Formulation 

Gonsider pure-feedback nonlinear systems which can be written into the following pseudo-affine 
form 


Xi = ipi{xi,9) + gi{xi+i,0)xi+i, (i = 1, • • • ,n - 1) 

Xn = ^n{x,6) + gn{x,0,u)u (1) 

y = xi 
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where x = [xi • • • is the state, x, = [xi ■ ■ ■ Xi]^,u is the input, y is the output, 9 : 3ft>o —>• 3^”^ 
is a bounded, uncertain time-varying piecewise continuous parameter or disturbance vector, ipi : 
gfji+m ^ functions, and = 0. For notational convenience, 

we introduce Xn+i '■= u. 

Remark 1. For general pure-feedback systems 

( Xi = fi{xi+i,e),{i = !,■■■ ,n-l) 

\ = fn{x,9,u) 

where fi : 3?*+^+^ 3? are functions satisfying /i(0jxi,^,0) = 0, by the Mean Value Theorem, 

we have 


fi[Xi+i, 6) = fi[Xi,0, 6) H---Xi+i (3) 

axj+i 

where A* € (0,1) and is a constant or a Xj+i-dependent variable. Define ipi{xi,9) = fi{xi,0,6) and 
gi{xi^i,9) = jg gg^gy Q jjnQw thut ifi and gi are functions, and <^i(0ixi,^) = 0. 

Hence, system ([2|) can be transformed to the form of (fT]). 

In this paper, we are interested in the case where ^pi and gi satisfy the following two assumptions, 
respectively. 

Assumption 1: There exist a set of unknown constants Ci and known functions pi : 3fi* — >■ 3?>o 
such that 


i 

\<Pi{xi,e)\ < CiPi{xi) ^ \xj\ , (i = 1, • • • ,n) (4) 

i=i 

Assumption 2: The signs of gi are known. Without loss of generality, we assume that they are 
all positive. In addition, we assume that there exist a set of unknown constants bi > 0, Bi > 0, 
and known functions 4>i : —> 3?>o such that 


0 <bi< gi{xi+i,e) < Bi(j)i{xi+i), {i = !,■■■ ,n - 1) 


( 5 ) 


and gn{x,9,u) > 6n > 0. 

The control problem to be solved is stated as follows. 

GASS Problem: Consider the uncertain pure-feedback system ([T]) under Assumptions 1 and 
2. Design a state feedback controller u such that all signals in the resulting closed-loop system 
are bounded on [0,oo), furthermore, globally asymptotic stabilization of the state x is achieved, 
i.e. lim^^oo x{t) = 0 for all x(0) G 3?”. 


Remark 2. The condition gi > bi > 0 actually presents a sufficient global c ontrollability condition 
for system ([T]). In addition, since (pi{xi,6) is a function, according to iNiimeijer and van der 
(Il99nl h it can be rewritten as ipi{xi,9) = '^^j=i^ijixi,9)xj with being cont inuous func- 
tions. Accord i ng to t he parameter separation technique introduced in Ibin and QiarJ ( 2002al ) and 
Lin and QiarJ ( 2002bl L it is reasonable to assume that, Vj = 1, • • • ,i, \^ij{xi,9)\ < CiPi{xi), which 
implies that \ipi{xi,6)\ < CiPi{xi) \xj\-, and gi{xiJ^i,9) < where Cj and Bi are un¬ 

known parameters, and pi and (j)i are known smooth functio ns. In fact, assumptio ns like Assump¬ 
tions 1 and 2 are frequently used in the literature, such as iLin and QianI ( 2nr)2al ). Ihin and Qian 
( 2nn2bl ). ISun and Luj ( 2007 ). and so on. It is worth pointing out that the control coefficients gi 
themselves could be unknown functions under Assumption 2. 
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3. Main results 

In this section, we shall first present an adaptive control scheme, and subsequently we shall prove 
that it leads to the solution to the GASR problem for system (JT]). 


3.1. Control Scheme 

The proposed adaptive control scheme is given in a step-by-step way as follows. 
Step 0: Introduce the following coordinate transformation 


zi = xi (6) 

Zi = Xi - = 2,-■ ■ ,n (7) 

where a*, i = 1, • • • , n — 1 are the virtual control laws to be determined. For notational convenience, 
we introduce Un := u. Virtual control laws Oj, f = 1, • • • , n — 1 and the actual control law an ,7e., 
u, are constructed as 

aii^Xi, ki') — (zj, ki—i')Zi, (i Ij ■ ■ ■ j ( 8 ) 

where ki,i = 1, ■ ■ ■ , n are update laws given by 

k = h-i)zi = Wj, ki{0) = kio e 3?>o (9) 

where il^i are functions to be determined in the following ith step, /r* € 3f?>o and 7^ G 3?>o are 
design parameters. Roughly speaking, by choosing bigger pi and 7^, the convergence speed of the 
states can be improved. However, this may lead to larger control magnitude. Therefore, a tradeoff 
is required when determining these design parameters in applications. 

Step 1: Start with 


zi=xi = ipi + giX2 


( 10 ) 


Define Vi = ^zf. According to ©-([9I) and Assumptions 1 and 2, the time derivative of Vi is such 
that 

Vi = zizi < cipi{zi)zf -h + ai) 

< -bipiki'iplzl -I- cipi{zi)zl + zl + bI(I)\{x 2 )zI (11) 

Choose 'ij^i to be any function satisfying 

Pi{zi) + I < 'il)i{zi) (12) 


then 


Vi < -bipiki'tpfzf + Mlzl + zl + ai4>l{x2)zl 

= ——bipikiki + —f5iki + zf + cri4>l{z2, ki)zl 

7i 7i 

where /3i = ci and ai = B\ are unknown constants. 


( 13 ) 
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Step i (2 < z < n): The derivative of Zi is 


Zi — Xi 0^2—1 


i—1 


daj-i 

dxj 


{ifj + gjXj+i) + 


dui-i 
dkj ^ 


(14) 


Define Vi = ^zf. Bearing ([T])-® and Assumptions 1 and 2 in mind, we can obtain 


Vi — ZiZi 


i—1 

T 9i^i^i+l ^i ^ ^ 

1=1 


dui-i 

dxj 


{P>j + djXj + l) + 


dai_i 

dk, 


< QiZiXi+l + CiPi{Xi) \Zi\ ^ \Xj 

1 = 1 


2—1 

1=1 


daj-i 

dxj 



daj-i 

dkj 


i;]{zj,kj-i)z] 


< QiZiXi+i + '&i\Zi\ Pi{Xi) ^ \Xj 


2—1 

+i?i \zi\ 

1=1 


doi-i 


dxi 


XI b/| + i^jixj+i) \xj+i\ + 71 


1=1 


dai--i 


dki 


ipj [zj, kj—i)zj 


(15) 


where = max(l, ci, C2, • • • ,Ci,Bi, - ■ ■ , Bi). According to ([7]) and ([8]), we have that, for 2 < g < z. 


\Xq\ ^ \Zq\ T Pq—lkq—l'ljjq_i(^Zq,kq—2') I’Zg—1| 


(16) 


Hence, 


Vi < QiZiXi+i + \zi\Pi{zi, ki-i) (17) 

1=1 


where Pi{zi, fej-i) is a known nonnegative-valued function. Now we choose ijji to be any function 
satisfying 


ijji{zi,ki-i) > T]i{zi,ki-i) + (pi-i{zi,ki-i) + 1 


(18) 
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Then, we can obtain 


Vi < giZi{zi+i + ai) + -di \zi\r]i{zi, ki_i) ^ \zj\ 

i=i 

i 

< -biiiikii;f(zi, ki-i)zf + zf + (Ji(t)‘i{xi+i)zfj^^ + ki-i)z‘f + z] 

i 

< -biHikiil^fizi, h-i)zf + h-i)zf + ai(j)f{zi+i,ki)zY + Y 

i=i 

1 ■ 1 • - ^ 

=- biHikiki H- I3iki + ai4>l{zi+i, ki)zY + (19) 

li li ^ 

where Zn+i = Xn+i — an = 0, Pi = i-df + 1 and ai = Bf are unknown constants. 


3.2. Stability Analysis 

Theorem 1. Suppose that Assumptions 1 and 2 are satisfied and that the above-proposed design 
proeedure is applied to system (d), then for all x{0) € 3?" and fixed ki{0) = ho > 0, i = 1, ■ ■ ■ ,n, 
all signals in the resulting closed-loop system are bounded on [0,oo), furthermore, limt^oo = 0 
and limt^oo kfit) = hoo G 3fi>o- 

Proof. Due to the smoothness of the proposed robust control, the solution of the closed-loop system 
has a maximum interval of existence [0,tf) where tf G 5ft>o- We will first prove the boundedness 
of all state variables on the interval [0, oo), and then prove the convergence of x{t) and ki{t). To 
this end, we dehne 


n 1 ^ 

i=l i=l 

It follows from (fT^ . (fT^ . (fTHll . (fT^ and the fact Zn+i = 0 that 

n ^1 n—1 n i 

V = Y^i - —bihikiki + Y —Piki + Y ^i4'i{zi+i,h)zf+i + Y'^- 


( 20 ) 


2=1 2 = 1 
n 


li 


. , li . . 

2=1 2 = 1 

n—1 


2 = 1 j = l 


_ ^ ^ ^ ^ 


i=l 

n 


li 


i=l 


li 


i=l 


i=l j=l 


n ^ n—1 ^ n i ^ 


< - ^ —biHikiki Y —l^iki + Y -^*+1 + X] X] 


2=1 

n 


li 


■ 1 T 2 • -I T2 + 1 • 1 • ^ '^j 

2=1 2 = 1 2 = 1 J = 1 ^ 

n ^ n ^ 


< - ^ —bipLikiki P^Yj 


2=1 


li 


*=i 


E Zbipikiki 2e —k 

^. Z—/ ^. 


2=1 


li 


2=1 


li 


( 21 ) 
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where e = max (/3i, • ■ ■ , /3„, re, n — 1 + ui, ■ ■ ■ , 1 + (T„_i) is an unknown constant. Integrating in¬ 
equality (l2T]i gives, Vt € [0,tf), 


1 n 1 n ^ 

V{t) < —— -|- 2s — ki{t) + Cq 

^ i=i i=i 


( 22 ) 


where Cq is a constant depending on initial data. This implies that ki are bounded on [0,tj). 
Otherwise, on taking limit as t —?> tj, the right side of the above inequality would diverge to —oo, 
which would yield a contradiction with V(t) > 0. It immediately follows from (1221) that V (t), and in 
turn, Zi{t) are bounded. According to (I6|)-(l8]), Xi{t) are bounded. Therefore, all the state variables 
of the closed-loop system are bounded on the interval hence, tf = oo. As a result, the control 

u which depends on Xi and ki is bounded, which means that Xi{t) is bounded. Furthermore, ki{t) 
is bounded according to ([9]). Hence, by and (fT4|l . Zi{t) is bounded. Since ki{t) is bounded on 
[0, -|-oo) and ki > 0, there exist constants kioo G 3^>o such that limt^oo ki{t) = kioo- From (fT^ and 
(ITS]) , we have V'j > I. This, together with Q, implies that z‘f{t) < Thus, 


lim 

t^OO 


zf{T)(iT < lim 


Jo li 


^ ( t ) _ kioo kiQ 


li 


Therefore, by using Barbalat’s Lemma ( Taol 1997 : Hou. Duan. and Guo 2nid ). 


we 


(23) 


have 


hmt^oo^i(i) = 0, that is, limt^oo 2 (t) = 0. Consequently, from 
A;i(t), we can get that limi^oo x{t) = 0. This completes the proof. 


and the boundedness of 

□ 


Remark 3. The proposed control algorithm is also available if cjii and gi are functions of x. Of 
course, pi and (fii are still functions of Xi and Xj+i, respectively. In this case, system ([T]) is beyond 
the lower triangular form. 

Remark 4. The intuitive explanation of the proposed method is given as follows. As long as 
Zi 7 ^ 0, ki will keep on growing. When ki become large enough, the uncertainties will be dominated 
completely and Zi will converge to zero eventually. In practical applications, if necessary, we could 
add the following modihcation to the update law ([9]): fcj = 0 if < <5, where 5 characterizes 
the tolerable error range. In this case, if \zi\ > 5, ki will grow. When ki become large enough, 
the uncertainties will be dominated fully and \zi\ will decrease ultimately and be kept within the 
tolerable range. This way could prevent ki from increasing unboundedly and reinforce the closed- 
loop robustness. 


4. Examples 

In this section, we will give two examples to show the effectiveness of the obtained results. 

4.1. Numerical Example 

Let us consider the globally asymptotic state regulation of the following system 

xi = 9i (xi + X2 + ^'] 

) (24) 

±2 = 6*2 [xiX2 + U+ 

where 6i, i = 1,2 are uncertain time-varying piecewise continuous parameters belonging to the 
interval [0j, 6i] with 9^ and 9i being unknown positive constants. System (|24p with 9i=l is frequently 
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discussed in the literature on control of pure-feedback systems. To written system (1241) into the 
form of ([H), we can set = dixi, gi = = O 2 X 1 X 2 and §2 = 6*2 (^1 + ■ Let bi = 6^, 

Ci = Bi = 9 i, where i = 1, 2, pi = 1, (/>! = 1 + ^, P2 = and (/>2 = 1 + ^, then it is easy to 

check that Assumptions 1 and 2 are satisfied. 

By the design procedure given in Section 3, dehne zi = xi and Z 2 = X 2 — ai, the virtual controller 
and the actual controller can be respectively constructed as 


«! = -g-lki^iiZi, U = -fi2k2^2Z2 


with update laws 


h = Jl'lphl, k2 = 72V'2^2 

where 'ipi = 2 and ^^2 = (l + 2 /riA:i )/92 + 87 i/ri 2 ;f+ 01 + 1 + 2 (1 + (/)i + 2fiiki(l)i) //ifci. For simulation, 
we set 01 = 1 , 02 = 2, xio = —2, X 20 = 3, and for i = 1, 2, kio = 0.01, g-i = = 0.2. The simulation 

results are given in Fig{T] 




Figure 1. Simulation results for the numerical example 
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4.2. Realistic Example 

Consider the roll control of axially symmetric Skid-To-Turn (STT) missiles, for which the simplified 
mathematical model with actuator dynamics is given by 



( 25 ) 


where 7, ujx, and d^c are the roll angle, the rotating rate along the roll axis, the aileron deflection 
angle and the aileron deflection angle command to be determined, respectively. Jx, Ta and Mx are 
the moment of inertia about the roll axis, the time constant of the actuator and the roll moment, 
respectively. The mathematical expression of Mx is given by Mx = ^pV'^slmx, where p, s, I and 
mx are the air density, the reference area, the reference length, and the roll moment coefficient. 
Roughly speaking, can be viewed as a smooth nonlin ear func t ion of a (a ngle of attack), (5 (angle 
of sid eslip) and 5x at some operating point (Please see SiourisI ( 2004l f and Hou. Liang, and Duan 
( 2 OI 3 I T. When designing the roll controller for STT missiles, a frequently used way is ignoring the 
impacts from the pitch and the yaw channels. As a result, mx can be viewed as a smooth nonlinear 
function of 5x, denoted by mx(Sx}- The nominal value of mx{Sx) can be determined by experiments 
and theoretical calculation. For axially symmetric missiles, mx{0) = 0. Hence, by the Mean Value 
Theorem, we have 


rrixiSx) = mx{5x) - mx{0) 


dmx{\5x) 

dSx 


6x = ml^{X6x)dx 


where A € (0,1) and is (52;-dependent. From pHI) and (f26]i . we have 

j = UJx 

(A(5x) ;; 

— 2J 

4 = -^Sx ^dxc 


( 26 ) 


( 27 ) 


The objective is to design the aileron deflection angle command 6xc near some operating point 
such that all the states of the closed-loop system converge to zero asymptotically. 

Define 


xi — 'y , X2 — Wx) 333 — 5 xi u — 5 xci 


pV'^sl 


2Jx 


g2{Sx,0i) = 

O 2 ) = 


? 

Ta 

eimx"{\5x)., 

— ^2(5x, g‘i{02) 


O 2 , 


then we have 

' Xi = X2 

< X2 = g2{x3,0l)x3 ( 28 ) 

^ ^3 = P>3{X3,02) +g3{d2)u 

Generally speaking, the function m^^{X6x) = are unknown, but by experience, we can 
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assume that 


0 < m < < M^{Sx) 


where m and M are two unknown constants, and is a positive smooth function determined 
by the data obtained from experiments and theoretical calculation. Near the operation point, 9i 


continuously varies within some interval [9im, 9 im], where 6 im and 6 im are two positive constants, 
of which the values are not necessary to be known. In practice, it is not easy to determine the exact 
value of the time constant of the actuator Ta- But we know that it satisfies Ta < 0, that is, 62 < 0. 

According to the above analysis, it is not easy to check that Assumptions 1 and 2 are satisfied 
if we set pi = 0, (pi = 1, p2 = 0, (p2 = P3 = 1, and (ps = 1. Therefore, we could certainly design 
the aileron deflection angle command by strictly complying with the procedure given in Section 3. 
However, we could simplify the the design procedure due to the special structure of (l28]l . 

Step 0: Define 


Zi = Xi, Z 2 = X 2 - ai, Zs = X 3 - a 2 


(29) 


where are virtual control laws to be determined. 
Step 1 : Choose 


ai = —kizi 


(30) 


where /ci > 0 is design parameter, then one can obtain 


ii = -kiZi + ^2 


Define Vi = ^zf, then one has 



where e > 0 is a constant to be determined. 
Step 2: Choose 


Q;2 = —p 2 k 2 Z 2 


(31) 


where k 2 is the update law given by 


^2 = 72^2, k2{t)) = k20 G 3?>o 


(32) 


where p 2 G and 72 G 3?>o are design parameters. Then one has 


22 = -g2P2k2Z2 + g2Z3 “ kfzi + kiZ2 


Dehne V 2 = then one has 


V 2 = -g2P2k2zl + g2Z2Z3 “ klziZ2 + kizl 
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Step 3: Choose 


u = -psksiplzs 

where is the update law given by 

h = 73V’3^3> ^ 3 ( 0 ) = kso € 


( 33 ) 


(34) 


where '03 is a smooth positive function to be determined, /is € 3?>o and 73 G 5ft>o are design 
parameters. Then one has 

^3 = -02iz3 + 0 : 2 ) - 6'2M3^303^3 + P^2k2Z2 

-g2plklz2 + 32 /^ 2 ^ 22:3 - g2klk2Zi + p2kik2Z2 

Define V 3 = then one has 


V3 = 02g2k2Z2Z3 - 02zi - 02fJ-3k3lpizl + H2k2Z2Z3 

- g2glklz2Z3 + g 2 g 2 k 2 zl - P-2klk2ZiZ3 + P-2klk2Z2Z3 

< Z 2 + —zf — 02p,3k3'4’3^3 + (^02k'2^2 + /^ 2^2 
+ ^|0i/^2^2 + ^^2</’2/t2^2 + + Hlklkl + zl 


where w = maxli^l, i? 2 ) !}■ 

Define V = Di + V 2 + V 3 , then one has 


V < - (ki- zf - ^^^k 2 k 2 + eik 2 - 

V 4 y 72 73 

+^273 (^^2^2 + /^ 2^2 ~k <p2k'2^2 + ^ 02 /^ 2^2 

+ MM + ^ikfki + 0 i + 1 ) .1 


where £2 = ^ + ki + l^, €3 = ma.x{B^,0^, 1 }. Choose 03 = p. 2 k 2 + /i 2^2 + <p 2 f 4 k 2 + 

| 02 /i 2^2 + + g 2 kik 2 + 02 + 1 and ei = (fei — ^) > 0 , then one has 


T> / 2 b 2 g 2 k 2 k 2 , ; d2g3k3k3 , , 

V < -eiZi -h 62/02 -h 63/03 


72 


73 


From this, we can conclude that 



zf(T)dT < 


62 + 2 / 02(0 _ ^ 2 + 3 / 03 ( 6 ) 
272 273 

+£ 2 / 02(0 + £ 3 / 03(0 + ^0 
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This means that 


< b2fi2ki{t) 

~ 272 


6*2/i3fei(0 

273 


+ £ 2 ^ 2(0 + ^sksit) + Cq 


and 


ei [ zf(r)dT < - 
Jo 


b2^^2kl{t) 02H3kl{t) 


272 

+£ 3 ^ 3(0 + ^0 


273 


£ 2 ^ 2(0 


Therefore, similar to the the analysis given in Section 3.2, we can firstly use the former in¬ 
equality to prove that all signals in the resulting closed-loop system are bounded on [0, cx)), and 
Xi{t) = 0, limt^oo ki{t) = kioo S 3?>o, i = 2,3. Then, from the latter inequality, we have 
that /q 2 :^(r)dr is bounded on [0, oo). Since ffj zf(T)dT is a monotonic increasing function, we have 
that lim^^oo Jq Zilrjdr. So we can further use Barbal a.t’s lemma to prove tha t lim^^ nr' xi(t) = 0 


The structure parameters of some missile (Please see Hou. Liang, and Duan ( 2013l P are s = 0.42 


m^, L = 0.68 m, Jx = 100 kg • m^, Ta = 0.01, and its aerodynamic parameter m°^^{X6x) at 
the operating point with speed 200 m/s and height 5 km (p = 0.7361 kg/m^) satisfies m < 
m^^{X6x) < M, where m and M are two unknown postive constants. Hence, we could choose 
^ = 1. For numerical simulation, we set the initial states as 7 ( 0 ) = 10°, a;a:(0) = 0 °/s, ^^(O) = 0°, 
and for i = 2,3, pi = 0.5, ji = kio = 0.1, A;i = 5, e = 0.1, mx“’{X6x) = 2.12(1 -|- 0.2sinf), 
V = 200(1 -|- 0.1 cos 2f). The simulation results are given in Fig. [2l All of the state variables 
converge to zero asymptotically. 

The simulation results of the above-mentioned numerical and realistic examples verify the cor¬ 
rectness and the effectiveness of the proposed method. 


5. Conclusion 

This paper considers the globally asymptotic state stabilization problem for pure-feedback sys¬ 
tems in the pseudo-affine form and with non-linearly parameterised uncertainties. Based on the 
parameter separation technique, a novel adaptive backstepping controller is designed by utilizing 
the high gain idea. The proposed controller could guarantee that all the closed-loop signals are 
bounded for any initial system condition, and that the state is globally asymptotically stabilized. 
A numerical and a realistic examples are given to show the correctness and effectiveness of the 
proposed approach. 
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